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Following Bianchi et al. (2020) and Troster et al. (2018) we extend a standard 

quantile auto-regressive model by taking first differences and including an error 

correction term. We also interact a dummy variable with the error-correction 

term, where the dummy variable is equal to one in May 2020 spot period and 0 

otherwise. This interaction variable will allow us to test whether the long-run 

relationship between the CL and QM contracts decoupled in the May 2020 spot 

period. We then specify a bivariate error-correction model for each conditional 

quantile as follows: 

Q∆CLt (τ |X) = αQM,τ + βCL,1,τ ECTt−1 + βCL,2,τ DMay20,tECTt−1 

12 12X X 
+ γ1,i,τ ∆CLt−i + γ2,i,τ ∆QMt−i + εCL,t, 

i=1 i=1 
(1) 

Q∆QMt (τ |X) = αQM,τ + βQM,1,τ ECTt−1 + βQM,2,τ DMay20,tECTt−1 

12 12X X 
+ γ3,i,τ ∆CLt−i + γ4,i,τ ∆QMt−i + εQM,t, 

i=1 i=1 

where Q∆. (τ |X) denotes the conditional quantile of the first-differenced CL 

260 or QM price series, 0 < τ < 1 denotes the quantile, and ECTt−1 is the lagged 

error correction term (ECTt = CLt − θ0 − QMt). The error correction 

term proxies for the speed of adjustment caused by a price disequilibrium with 

the other contract. The DMay20,t term represents a dummy variable, equal to 

one in the May 2020 spot period, and zero otherwise. The coefficients on the 

265 error correction term, βCL,1 and βQM,1, capture the effect of the equilibrium 

adjustments in all periods excluding the May 2020 spot period. The coefficients, 

βCL,2 and βQM,2, capture any additional equilibrium adjustment effect during 

the May 2020 spot period. 

In order to compute a proxy for price discovery, we use a version of the 

Permanent-Transitory Common Factor Weights (CFW) that relies on the abso-

lute relative magnitude of the error correction terms to determine each contract’s 

contribution to price discovery (Cabrera et al., 2009). The CFW for the CL and 

QM contracts evaluated at quantile τ are: 

|αQM,τ | |αCL,τ |
CFWCL,τ = , CFWQM,τ = (2)

|αQM,τ | − |αCL,τ | |αCL,τ | − |αQM,τ | 
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Estimated parameters for the error correction terms and common factor 

270 weights are shown at each conditional quantile (i.e. q10, q20, . . ., q90) in table 2. 

We find that the error correction term to be significant at the 5% level in both 

CL and QM contracts across all spot periods in 2015-2020, excluding May 2020. 

This is seen across quantiles 10 through 80 (i.e. q10 - q80). This suggests that 

both contracts contribute information to the equilibrium price across this time 

275 period. The much smaller coefficients for βCL reflect CL prices incorporate 

information earlier and thus, require smaller equilibrium adjustments to QM 

prices. This small adjustment factor is seen across all quantiles of the ΔCLt 

distribution. In contrast, the estimates of βQM are relatively larger, reflecting 

that it makes larger adjustments to changes in CL prices. 

Table 2: Estimates of error correction term coefficients and Common Factor Weights (CFW) 

by quantile for all spot periods in 2015-2020, excluding May 2020 (top), and the May 2020 

spot period (bottom) 

q10 q20 q30 q40 q50 q60 q70 q80 q90 

βCL,1 -0.14** -0.11*** -0.11*** -0.12*** -0.12*** 0.11** -0.12* -0.16* -0.19 

CFWCL 82% 85% 84% 81% 80% 80% 77% 70% 62% 

βQM,1 0.62*** 0.64*** 0.56*** 0.50*** 0.49*** 0.43*** 0.42*** 0.37** 0.31 

CFWQM 18% 15% 16% 19% 20% 20% 23% 30% 38% 

βCL,1 + βCL,2 0.12 0.13 0.09 0.10 0.09 0.11 0.13 0.15 0.12 

CFWCL 88% 86% 90% 88% 78% 70% 66% 58% 54% 

βQM,1 + βQM,2 0.88*** 0.81** 0.80** 0.72* 0.32 0.26 0.25 0.21 0.14 

CFWQM 12% 14% 10% 12% 22% 30% 34% 42% 46% 

Note: *** ,**, and * indicate the parameter estimate is significant at the 1, 5, and 10 percent level, respectively. Quan-

tile regression standard errors are based on 100 bootstrap resamplings. 

280 We find that most price discovery happens in the more liquid CL contract 

over the 2015 - 2020 period, excluding May 2020. Evaluated at the median 

(q50), the CL contract contributes 80% to price discovery in WTI crude oil, 

while the QM contract contributes 20%. This is consistent with the larger, 

more liquid, CL contract taking in information more rapidly than the smaller 

285 QM contract. We also find that price discovery contribution of the CL contract 
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varies between 62-85% across the ΔCLt distribution, with a lower share of price 

discovery at the higher quantiles. 

Next, we examine the coefficients on the error correction term in the May 

82020 spot period and test whether they are statistically significant from zero. 

290 The bottom portion of table 2 displays results of a test of the sum of βCL,1 and 

βCL,2, representing the effect of the error correction term in the May 2020 spot 

period for CL contract. The test results reveal they are not statistically different 

from zero at any quantile of the distribution. This provides evidence that the 

CL contract stopped incorporating information from the QM contract during 

295 the May 2020 spot period. This is consistent with the CL contract decoupling 

from the smaller financially settled QM contract. We also find no evidence of a 

significant error correction effect in the QM contract at quantiles 50 through 90. 

However, we do see evidence that QM prices were still responding to changes 

in CL prices at quantiles 10 through 40, where more negative price changes 

300 occurred. This is consistent with the observation that QM prices followed CL 

prices as they plunged towards $0 per barrel on April 20, 2020. 

When we examine price discovery in the May 2020 spot period, we see still 

observe more price discovery occurring in the CL contract. However, compared 

with the 2015 - 2020 period, a larger share of price discovery happens in the 

305 CL contract at the lower quantiles (i.e. q10 - q40), where CL price changes are 

more negative. We note that because many of the error correction terms are not 

significant, the price discovery estimates contain a lot of variability. The lack of 

arbitrage happening in the May 2020 spot period between these two contracts 

likely contributes to the noise in measures of price discovery. 

310 Overall, the co-integrated quantile regression model provides clear evidence 

that most price discovery happens in the CL contract and that these two con-

tracts decoupled in the May 2020 spot month. The more flexible model also 

shows how price discovery and equilibrium adjustments between these two con-

tracts vary over their respective price distributions. Our next set of analyses 

8We have 197 observations in the May 2020 spot period. 
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below the benchmark, then we add an arbitrage quantity to the trader-id that 

bought QM as trade quantity*(benchmark price – trade price). We then sum all 

the arbitrage for each trader-id. Pn (Observedi−Expectedi)
2 

We assume has a Chi-Squared distribution withi=1 Expectedi 

340 degrees of freedom n − 1, where n is the number of trader-ids. We form the 

observed by computing the amount of arbitrage during the spot period for QM 

for each trader id. We form the expected by computing the amount of arbitrage 

over all 120 spot periods and adjusting for the amount of arbitrage in May 2020 

by dividing by the sum of the total amount of arbitrage overall and multiplying 

345 by the amount of arbitrage in May 2020. This gives us a well-defined expecta-

tion. We use this approach because there may be trader-ids for the May 2020 

contract that did not trade in any other spot period. This would cause issues 

with the test statistic, as the numerator would be divided by zero in those cases. 

Our Chi-squared statistic is 1,798 with 1,200 degrees of freedom. The p-

350 value is less than 0.0001. This result shows that traders who were performing 

the arbitrage between QM and CL were different for the May 2020 contract than 

in other contract months. Indeed, we find that many of the typical arbitragers 

did not do any trades that we computed as arbitraging on April 20, 2020. This 

finding has important implications for the smooth functioning of the crude oil 

355 market. As we show later, the unusually large values of realized volatility and 

price spreads observed on April 20 can likely be tied to the lack of typical 

arbitrageurs in the market. For a complete listing the chi-square statistics for 

arbitrageur distribution rankings by spot month, see appendix table 4. 

As a robustness check to our test statistic, we compute a p-value using the 

360 assumption that any ordering of the contract month is equally likely under the 

null hypothesis because the different contract month test statistics may be serial 

correlated due to arbitragers moving into and out of market making activities. 

This lack of independence makes the underlying assumption of the Chi-squared 

distribution dubious. We note that the two p-values from the different methods 

365 are not identical as they are derived from different assumptions. Here the May 

2020 contract is the largest outlier with a p-value of 1/120. This provides collab-
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540 decrease transaction costs (Tse & Zabotina 2004; Clark-Joseph et al. 2017). 

Many equities and options exchanges already have DMMs that stand ready to 

buy and sell stocks listed on the exchange, including the London Stock Ex-

change, Euronext, and the New York Stock Exchange.14 The exchange could 

also create incentives for market makers to provide liquidity. This could be 

545 accomplished through rebates or discounts for participants who have matched 

passive limit orders during the marking period in the active contract or with 

the spread between the active and spot contract. We note that making mar-

kets during the spot period for a physical commodity may require contingency 

planning for making or taking delivery. 

550 Storage constraints affect the price of deliverable futures contracts. Adding 

a variable or market-based storage rate to the WTI contract might help with 

cash and futures price convergence issues. Studies by (Irwin, 2020) and (Gar-

cia et al., 2015) found that fixed storage rates used in grain contracts in the 

mid-2000s contributed to convergence issues between cash and futures prices, 

555 particularly in wheat markets. These convergence issues were addressed when 

the Chicago Mercantile Exchange (CME) introduced variable storage rates on 

the wheat contracts. Variable storage rates are a market-based determinant 

of the maximum allowable storage rates for outstanding wheat shipping cer-

tificate. It triggers higher maximum allowable storage rates that allow wide 

560 spreads when spreads are near full carry, while also allowing lower maximum 

storage rates when spreads are narrow or inverted. We note that delivery of 

WTI crude is slightly different than grain contracts because it happens one 

week to ten days hence, not immediately in the spot period, due to the need to 

schedule pipelines, etc. 

565 Another potential enhancement to confront storage issues with WTI is to 

add more delivery options. The WTI-Houston contract was introduced by CME 

in 2018. It has same chemical specification for crude oil as WTI-Cushing but 

delivery is at the port of Houston. Houston has the potential to serve as an 

14We note that participation in futures markets is voluntary for traders. 
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Figure 3: Time series of volume-weighted average prices in CL (left graph) and QM (right 

graph) contracts, measured at the 10-minute level during the spot month, 2011-2020 

Figure 4: Joint plot of first-differences in prices for CL and QM contracts, 2011-2020 spot 

months 
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12.508 01Nov2017 1 172.646 01Aug2016 31 377.630 01Mar2015 61 590.605 01Aug2017 91 

28.579 01Mar2018 2 179.470 01Jan2020 32 379.997 01Nov2013 62 591.381 01Aug2019 92 

28.840 01Jan2017 3 183.730 01Jun2019 33 380.498 01Feb2018 63 615.785 01Nov2011 93 

28.921 01Jul2015 4 189.256 01Jan2021 34 381.421 01Jun2020 64 622.959 01Jun2016 94 

40.992 01May2019 197.074 01May2018 384.154 01Jun2011 637.372 01Oct2011 

43.081 01Nov2018 6 208.415 01Apr2018 36 384.777 01Jan2013 66 641.317 01Apr2013 96 

43.754 01Mar2017 7 211.438 01Jan2015 37 386.811 01Jun2017 67 643.520 01Jun2013 97 

47.132 01Dec2017 8 225.451 01May2013 38 394.665 01Nov2019 68 680.001 01Sep2017 98 

50.330 01Apr2014 9 226.852 01Jul2014 39 395.323 01Sep2014 69 735.782 01Nov2012 99 

54.705 01Dec2018 228.427 01Jan2016 395.740 01Sep2015 789.767 01Jan2019 

54.770 01Apr2019 11 238.781 01Sep2013 41 397.087 01Feb2014 71 807.589 01Dec2012 101 

58.531 01Jul2020 12 246.627 01Dec2014 42 407.042 01Jun2012 72 817.386 01Mar2020 102 

62.285 01Dec2016 13 257.851 01Sep2012 43 410.633 01May2017 73 853.050 01May2011 103 

62.877 01Oct2017 14 267.369 01Nov2016 44 411.158 01Jun2018 74 891.079 01Oct2012 104 

66.735 01Jan2018 271.006 01May2012 416.663 01Oct2019 897.381 01Apr2020 

69.471 01Jul2018 16 279.088 01Jun2014 46 453.136 01Jul2017 76 930.270 01Jul2011 106 

71.456 01Aug2015 17 284.251 01Oct2014 47 458.300 01Dec2019 77 971.113 01Sep2011 107 

86.049 01Sep2018 18 287.108 01May2016 48 464.249 01Sep2019 78 1004.031 01Jan2014 108 

99.495 01Oct2016 19 291.867 01Aug2020 49 469.752 01May2015 79 1051.812 01Mar2013 109 

106.985 01Apr2016 292.442 01Oct2018 473.743 01Oct2013 1113.703 01Feb2011 

115.031 01Aug2018 21 308.913 01Aug2014 51 492.017 01Mar2014 81 1187.400 01Jul2019 111 

117.600 01Nov2020 22 310.005 01Nov2014 52 502.374 01Dec2020 82 1187.642 01Mar2019 112 

123.234 01May2014 23 314.324 01Aug2013 53 508.351 01Aug2012 83 1220.312 01Sep2016 113 

138.381 01Jul2013 24 321.917 01Mar2016 54 518.571 01Jul2012 84 1260.841 01Apr2017 114 

139.273 01Dec2013 326.036 01Jan2012 528.349 01Feb2013 1322.684 01Dec2011 

139.287 01Jul2016 26 345.215 01Feb2016 56 537.369 01Feb2019 86 1435.453 01Mar2011 116 

156.544 01Dec2015 27 350.659 01Oct2015 57 562.531 01Apr2015 87 1570.360 01Apr2011 117 

159.544 01Sep2020 28 355.658 01Mar2012 58 570.103 01Apr2012 88 1575.776 01Oct2020 118 

160.354 01Nov2015 29 369.105 01Jun2015 59 578.202 01Feb2020 89 1618.960 01Aug2011 119 

166.662 01Feb2017 373.853 01Feb2012 589.393 01Feb2015 1798.357 01May2020 

Table 4: Rankings of Chi-square test statistic for frequency distribution of arbitrageurs by 

spot month, 2011-2020 
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9.196 01Nov2017 1 135.392 01Jan2020 31 286.378 01Nov2013 61 463.927 01Aug2019 91 

20.340 01Jul2015 2 139.500 01Jun2019 32 287.706 01Feb2018 62 464.146 01Nov2011 92 

20.834 01Mar2018 3 145.253 01Jan2021 33 289.987 01Jan2013 63 481.505 01Oct2011 93 

23.475 01Jan2017 4 148.836 01Jan2015 34 290.559 01Jun2011 64 483.023 01Jun2016 94 

31.274 01Nov2018 150.291 01May2018 292.138 01Nov2016 484.433 01Jun2013 95 

31.534 01May2019 6 161.263 01Apr2018 36 293.065 01Jun2017 66 485.702 01Apr2013 96 

31.563 01Mar2017 7 170.466 01May2013 37 295.061 01Sep2015 67 523.618 01Sep2017 97 

36.323 01Apr2014 8 170.703 01Jan2016 38 296.880 01Sep2014 68 555.927 01Nov2012 98 

39.976 01Dec2018 9 170.866 01Jul2014 39 300.675 01Feb2014 69 604.646 01Jan2019 99 

44.546 01Apr2019 179.426 01Sep2013 305.117 01Jun2012 609.533 01Dec2012 100 

46.028 01Dec2016 11 182.667 01Dec2014 41 307.685 01Nov2019 71 624.831 01Mar2020 101 

50.289 01Jan2018 12 191.441 01Sep2020 42 311.471 01Jun2018 72 644.286 01May2011 102 

53.368 01Aug2015 13 194.277 01Sep2012 43 317.836 01May2017 73 664.978 01Oct2012 103 

54.419 01Jul2018 14 203.246 01May2012 44 328.263 01Oct2019 74 704.027 01Jul2011 104 

55.407 01Oct2017 209.567 01Jun2014 345.533 01Oct2013 727.091 01Sep2011 105 

55.897 01Dec2017 16 210.048 01May2016 46 349.684 01Sep2019 76 753.798 01Apr2020 106 

65.108 01Sep2018 17 210.078 01Oct2014 47 351.922 01Jul2017 77 761.535 01Jan2014 107 

74.351 01Oct2016 18 218.873 01Oct2018 48 352.503 01May2015 78 764.652 01Feb2020 108 

75.406 01Apr2016 19 228.904 01Aug2020 49 361.550 01Mar2014 79 796.398 01Mar2013 109 

79.969 01Jul2020 230.802 01Nov2014 381.434 01Aug2012 844.815 01Feb2011 110 

84.980 01Aug2018 21 233.211 01Aug2014 51 390.296 01Jul2012 81 901.243 01Mar2019 111 

90.110 01May2014 22 234.213 01Aug2013 52 393.187 01Dec2020 82 904.048 01Jul2019 112 

90.347 01Nov2020 23 237.263 01Mar2016 53 399.847 01Feb2013 83 920.950 01Sep2016 113 

103.235 01Jul2016 24 244.287 01Jan2012 54 406.105 01Feb2019 84 960.464 01Apr2017 114 

103.859 01Jul2013 254.347 01Feb2016 409.596 01Apr2015 984.497 01Dec2011 115 

103.931 01Dec2013 26 259.976 01Oct2015 56 409.602 01Dec2019 86 1089.044 01Mar2011 116 

116.019 01Dec2015 27 266.815 01Mar2012 57 426.279 01Apr2012 87 1178.158 01Apr2011 117 

120.867 01Nov2015 28 274.933 01Jun2015 58 427.878 01Feb2015 88 1196.820 01Oct2020 118 

127.865 01Feb2017 29 276.851 01Mar2015 59 447.992 01Aug2017 89 1224.106 01Aug2011 119 

128.849 01Aug2016 281.668 01Feb2012 455.420 01Jun2020 

Table 5: Rankings of Chi-square test statistic for frequency distribution of arbitrageurs by 

spot month without May 2020, 2011-2020 
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01 jul2015 01jul2016 01jul2017 01 jul2018 
date1 

01jul2019 01 jul2020 01jul2015 01jul2016 01jul2017 01jul2018 
dale1 

01jul2019 01jul2020 

Contract date Weighted volatility Rank Contract date Weighted volatility Rank Contract date Weighted volatility Rank Contract date Weighted volatility Rank 

201802 7.25389E-06 1 201111 8.01E-05 31 201601 0.003195 61 201105 0.021341 91 

201611 7.50148E-06 2 201411 8.25E-05 32 201309 0.003454 62 201712 0.02167 92 

201709 9.32551E-06 3 202009 0.000112 33 201207 0.003512 63 201208 0.021711 93 

201702 9.43396E-06 4 201405 0.000123 34 201610 0.003546 64 201706 0.022826 94 

201701 1.02715E-05 5 201512 0.000135 35 201301 0.003725 65 201108 0.023353 95 

201710 1.04228E-05 6 201107 0.000168 36 201506 0.003901 66 201504 0.025388 96 

201705 1.13171E-05 7 201302 0.000183 37 201804 0.004378 67 201510 0.025919 97 

201609 1.26924E-05 8 201412 0.000205 38 201608 0.004934 68 201603 0.027261 98 

201607 1.6122E-05 9 201201 0.000332 39 201911 0.005195 69 201605 0.033797 99 

201703 1.62269E-05 10 201904 0.000494 40 201805 0.005436 70 202003 0.034788 100 

201312 1.91431E-05 11 202008 0.000551 41 201708 0.006327 71 202007 0.03499 101 

202011 1.95704E-05 12 201402 0.000578 42 201106 0.00652 72 201810 0.035672 102 

202012 2.24832E-05 13 201612 0.000823 43 201410 0.006679 73 201807 0.040835 103 

201303 2.45127E-05 14 201907 0.000866 44 201306 0.007092 74 201409 0.04246 104 

202001 2.75735E-05 15 201308 0.000888 45 201908 0.008113 75 202006 0.046626 105 

202002 3.04498E-05 16 201307 0.001182 46 201903 0.008909 76 201104 0.071033 106 

201212 3.24459E-05 17 201707 0.00131 47 201806 0.009388 77 201503 0.076135 107 

201204 3.53168E-05 18 201202 0.001393 48 201403 0.009787 78 201304 0.079731 108 

201110 3.59467E-05 19 201803 0.001405 49 201401 0.010521 79 201211 0.13362 109 

201406 3.66864E-05 20 201407 0.001451 50 201511 0.010704 80 201310 0.201667 110 

201209 3.84346E-05 21 201809 0.001454 51 201602 0.010957 81 201210 0.207983 111 

202010 4.26667E-05 22 201205 0.001584 52 201408 0.011594 82 201502 0.241732 112 

202101 4.53488E-05 23 201905 0.001803 53 201902 0.012628 83 201912 0.242358 113 

201808 4.56693E-05 24 201206 0.00188 54 201909 0.012825 84 201509 0.252519 114 

201910 4.91289E-05 25 201102 0.002251 55 201811 0.013262 85 201501 0.321911 115 

201606 6.0559E-05 26 201103 0.002257 56 201404 0.01536 86 201311 0.321919 116 

201109 6.32862E-05 27 201711 0.002315 57 201604 0.016411 87 201901 0.322894 117 

201801 6.38535E-05 28 201508 0.002338 58 201505 0.017816 88 201112 0.357859 118 

201906 7.08273E-05 29 201704 0.002621 59 201203 0.018133 89 202004 0.681548 119 

201812 7.65468E-05 30 201305 0.002631 60 201507 0.020957 90 202005 317.1896 120 

Table 7: Rankings of weighted volatility in CL contract by spot month, 2011-2020 

Figure 5: Time series of hourly volume-weighted average price differences between the cash-

settled and physically settled contracts in NYMEX NG (Natural Gas) (Left) and NYMEX 

CL (WTI crude oil) (Right) during the spot month, 2015-2020 
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